A finite-element model is used to analyze the mechanical behavior of the left ventricle. The ventricle is treated as a heterogeneous, linearly elastic, thickwalled solid of revolution. The inner third of the ventricular wall is assumed to be transversely isotropic with a longitudinal Young's modulus, transverse modulus, and shear modulus of 60 g/cm 2 , 30 g/cm 2 , and 15.5 g/cm 2 , respectively. In the outer two-thirds of the ventricular wall the myocardium is assumed to be isotropic with a Young's modulus of 60 g/cm 2 . Poison's ratio is assumed to be equal to 0.45 throughout the ventricular wall. The valvular ring at the base of the ventricle is simulated by a homogeneous layer cf collagen. The model appears to predict gross free-wall deformation in the left ventricle of the potassium-arrested rat heart fixed in situ. The presence of a relatively compliant transversely isotropic region near the endocardial surface results in significantly lower axial and circumferential stresses in this region than are present in a homogeneous, isotropic model. The presence of a simulated valvular ring results in a concentration of relatively large stresses near the base of the ventricle.
• Several models which have been proposed for the mechanical behavior of the left ventricle were reviewed briefly in a recent paper by Falsetti et al. (1) . Even though these models may yield relatively simple mathematical expressions for stress (tension/ unit area) in terms of pressure and dimensional parameters, their predictive capabilities are limited by simplifying assumptions with regard to ventricular geometry and composition.
In this study a model for the mechanical behavior of the left ventricle is proposed which is based on less restrictive assumptions than those inherent in previous models. The geometry of the proposed model is similar to a truncated, thick-walled ellipsoid of revolution. The plane of truncation in the model corresponds to the base of the ventricle. The wall of the model near this plane consists of an isotropic material with elastic properties comparable to those of collagen. The remainder of the model corresponds to the ventricular wall extending from the base to the apex. This part of the model is divided into two homogeneous, linearly elastic layers. The inner layer consists of a transversely isotropic material which simulates the combination of muscle and sinusoidallike passages near the endocardium of the ventricle. The outer layer consists of an isotropic material which simulates the
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region of densely packed muscle fibers near the epicardium of the ventricle.
The radial, axial, circumferential, and shear components of stress and strain (fractional change in length) relevant to the axisymmetric deformation of a thick-walled solid of revolution are determined by the model. In addition, stress and strain in a variable direction approximating the local endocardial fiber direction in the left ventricle are also determined. Because of the detail which is taken into account by the model, a numerical approach involving a digital computer is used. The numerical approach selected is based on the finite-element method (2) .
A preliminary assessment of the predictive capability of the model is made by comparing the wall geometry of the model with the freewall geometry of the potassium-arrested left ventricle of the rat at corresponding pressures. Implications of a separate region in the model for the valvular ring and a heterogeneous, transversely isotropic model for the myocardium are then discussed.
Methods
Serial sections of hearts of adult SpragueDawley albino male rats were used to determine the free-wall geometry of the left ventricle. The rats were anesthetized with sodium pentobarbital, 50 mg/kg body weight. The serial sections were obtained from open-chest animals at controlled transmural pressures after potassium arrest and formalin fixation in situ. A typical section is shown in Figure 1 . The plane of this section is perpendicular to the apex-valve axis of the left ventricle. This axis was established by positioning a stainless steel wire between the leaflets of the aortic valve and the apical dimple. The center of the left ventricle in the plane of a given serial section was taken to be the point at which all lumen radii were approximately equal. The exterior radius, r 0 , of the free wall of the left ventricle in this plane was measured with respect to the center point. The corresponding interior 
246
JANZ, GRIMM
radius, rj, was determined by equating the observed cross-sectional area of the lumen to 7rr 2 j. Two radii were obtained from each serial section. The collection of all radii pairs from all serial sections was used to define the free-wall geometry at a given intraventricular pressure. The preparation of the serial sections and the determination of the left ventricular free-wall geometry from these sections are discussed in more detail by Klein (3) .
The proposed model assumes that the left ventricle is a solid of revolution. This assumption is based on the observed geometry of the left ventricle in the potassium-arrested rat heart (Fig.  1) . To simplify the computational aspects of the study the assumption is also made that the left ventricle deforms axisymmetrically. Unfortunately, this assumption precludes an accurate representation of the fibrous structure of the myocardium. However, it is possible to include some degree of anisotropy within the limitations of axisymmetric deformation.
Streeter et al. (4, 5) have made several pertinent observations with regard to fiber orientation. (1) In the systolic left ventricle of the pig, fiber direction in the intraventricular septum, the interior cardiac wall, the left cardiac wall, and the posterior cardiac wall exhibits roughly the same dependence on distance (normalized with respect to wall thickness) from the epicardial surface. This observation is supported by measurements of fiber orientation in the vicinity of the left cardiac wall of the diastolic and systolic left ventricle of the dog. (2) Significant changes in fiber angle between diastole and systole do not occur. (3) The angle between the. dominant fiber direction and circumferential direction appears to vary continuously from approximately -90° at the epicardial surface to +90° at the endocardial surface. (4) The majority of the muscle fibers appear to lie in concentric surfaces parallel to the epicardial surface.
The first two of these observations can be accounted for in the proposed model by assuming that fiber direction is independent of the circumferential coordinate and the state of deformation. The third observation, however, appears to be inconsistent with axisymmetric deformation and is not taken into account by the model. The fourth observation is accounted for in a limited way by assuming that the myocardium is transversely isotropic in the inner third of the ventricular wall. The principal axes are assumed to be coincident with coordinate directions established by tangent and normal vectors at the epicardial surface. Young's modulus along the tangent to the epicardial surface is assumed to be equal to the small-strain modulus of passive left ventricular papillary muscle of the rat under uniaxial load. 1 The transverse modulus is assumed equal to one-half of the passive papillary muscle modulus. The latter somewhat arbitrary choice of modulus is based on the observation that sinusoidallike spaces compose a significant proportion of the wall in the vicinity of the endocardium. As the intraventricular pressure is increased, it is apparent from the serial sections of rat hearts discussed earlier that the muscle fibers become more densely packed with a pronounced decrease in thickness of this region.
The myocardium is assumed to be isotropic in the outer two-thirds of the ventricular wall. This assumption is based on the observation that muscle fibers in this region appear to be densely packed relative to the inner third of the ventricular wall. Assuming that individual muscle fibers are isotropic, the outer two-thirds of the wall would tend to be isotropic at least with respect to gross deformation.
For a linearly elastic, transversely isotropic material which deforms axisymmetrically, stress is related to strain by a system of linear equations of the form:
where j cr j and J e [ tpe denote stress and strain vectors, respectively, referred to the principal axes of the material (denoted here by t, p, and 6) and [C] is a 4 X 4 symmetrical matrix of the form:
relation between elastic stress and strain for passive left ventricular papillary muscle of the rat under uniaxial load can generally be represented by an exponential expression of the form:
where a = stress; e = strain; o and /3 = constants. F o r c « 1, a(e<"-1) ^a/9e + 0(e 2 ). The product a/J denotes the small-strain modulus.
TABLE 1
Assumed Myocardial Elastic Constants
Transversely isotropic Isotropic
Ei (g/cm J ) E p (g/cm«) and E, G, and v denote Young's modulus, shear modulus, and Poisson's ratio, respectively. Assuming the myocardium to be isotropic is equivalent mathematically to assuming the conditions:
elements consist of the radial, axial, circumferential, and shear components of stress and strain, respectively. The superscript, T, denotes the transpose of the matrix, [t] . A derivation of the 4 x 4 transformation matrix, [t], used in this study is given in the appendix. The state of deformation of an elastic solid subjected to an external load can be predicted by solving a boundary-value problem consisting of the equilibrium equations formulated in terms of displacement together with the prescribed boundary conditions. Alternately, the state of deformation of the solid can be predicted by solving an equivalent variational problem. The latter approach is suggested by the minimum potential energy theorem (small-displacement theory which states that those displacements which satisfy the prescribed boundary conditions and minimize the potential energy of the solid are, in fact, the equilibrium displacements of the solid (6). The finite-element method is a special case of the Rayleigh-Ritz procedure for constructing a minimizing sequence for a functional (7) . The functional in this case is potential energy and the minimizing sequence is a sequence of functions which represents estimates of displacements in the solid.
In the finite-element method, the minimizing sequence is constructed in the following way. The elastic solid is first subdivided into a finite
G T
he values of the elastic constants chosen for this study are shown in Table 1 . The small-strain modulus under uniaxial load (E t ) is taken to be equal to 60 g/cm 2 . The shear modulus (15.5 g/cm 2 ) for the transversely isotropic material was obtained by dividing the average of the two Young's moduli (45 g/cm 2 ) by the quantity 2(1 + v pt ) = 2.9. Poisson's ratio for the myocardium is assumed to be equal to 0.45. For the range in interior hydrostatic pressures considered in this study this corresponds to less than 10% change in volume under load except in the immediate vicinity of the apex and base of the ventricle.
By using the laws of transformation for the stress and strain tensors, it can be shown that the relations between stress and strain in terms of the datum (cylindrical) coordinates are of the form:
where j cr j rp g and J e j r2 g denote vectors whose A typical finite element of revolution in the subdivision shown in Figure 2 . number of discrete elements. A subdivided model for the left ventricle is shown in Figure 2 . A typical finite element in this subdivision is shown in Figure 3 . The radial (r) and axial (z) components of displacement within each element are assumed to be first degree polynomials in the r and z coordinates of the datum coordinate system. The coefficients of these polynomials are uniquely related to the displacements of the circumferential joints or nodal circles of each element. The potential energy (V) of the solid in terms of these nodal displacements is of the form:
where | u | denotes the displacement vector consisting of die r-z components of displacement of each nodal circle in the subdivided solid, [K] denotes the positive definite-stiffness matrix, and )Q( is the load vector determined by external loads on the solid. A necessary condition for Eq.3 to have a minimum is that:
where N denotes the number of components in the vector, ji<j . A system of linear equations for u 0 i = 1, 2, . . . , N is obtained by differentiating Eq. 3 according to Eq. 4; namely,
Better estimates of 1 u i can normally be obtained by subdividing the solid into smaller finite elements. The accuracy of the assumed linear displacement field within each element normally increases with decreasing element size. The minimum value of Eq. 3, in turn, decreases as the estimates of 1M! improve. A planar view of the proposed finite-element model for the left ventricle is shown in Figure 4 . As indicated in this figure, the free-wall geometry of the potassium-arrested left ventricle of the rat at an intraventricular pressure equal to 0 cm H 2 O defines the geometry of the model. There are 198 finite elements in the model, each of which has a quadrilateral cross section. This subdivision was maintained under all loading conditions discussed. A relatively large number of elements are chosen to reduce numerical errors associated with the representation of the continuum as a series of discrete elements and to obtain the desired spatial resolution in stress and strain. The computer program which is used to compute stress and strain in each element of this model was developed at this laboratory (8). Numerical results obtained with this program are presented in the next section. A comparison of predicted and observed free-wall geometry of the potassium-arrested left ventricle of the rat at an intraventricular pressure of 6 cm Hfi.
Results and Discussion
In Figures 5-7 , the predicted shapes of potassium-arrested left ventricles of the rat at Circulation Research. Vol. XXX, February 1972 intraventricular pressures of 3, 6, and 12 cm H 2 O are compared with shapes reconstructed from serial sections of rat hearts. As indicated in these figures, the wall geometry of the model agrees well with the free-wall geometry of the left ventricle of the rat. These comparisons, of course, are only a preliminary step in the validation of the model. A more accurate assessment of the predictive capability of the model could be made by making similar comparisons between observed and computed values of stress and strain within the left ventricular wall of the rat heart. However, the appropriate data for making these comparisons do not appear to be available.
One of the limitations of the model is the assumption that the myocardium is linearly elastic. This limitation is apparent in Figure 8 which shows that the model overestimates deformation of the ventricular wall at an intraventricular pressure of 24 cm H 2 O. This deviation between predicted and observed behavior is probably due to the nonlinear elastic response of the myocardium. The passive stiffness of left ventricular papillary concentration of relatively large stresses in the immediate vicinity of the base of the ventricle. Stresses within the valvular region itself are also generally higher than those predicted for the myocardium. The deformed state of the model is significantly affected by the degree of heterogeneity and anisotropy which is used to represent the myocardium. If it is assumed that the entire ventricular wall consists of a single homogeneous, isotropic material (E = 60 g/cm 2 , v = 0A5), the overall predicted deformation for a given intraventricular pressure is less than that indicated in Figures 5-8 . For example, the lumen radius at the equator of the homogeneous, isotropic model with an internal hydrostatic pressure of 12 cm H 2 O is approximately 8% less than the corresponding lumen radius in the proposed model. As expected, the differences in terms of stress or strain are much more significant. For example, near the intersection of the equatorial plane muscle increases with increasing muscle length. A linear model for the myocardium based on an elastic modulus for papillary muscle which is applicable under small preloads would therefore overestimate deformation at large preloads. In addition, the effective transverse modulus near the endocardial surface probably increases as muscle becomes more densely packed in this region with increasing intraventricular pressure.
The inner third of the wall of the model proposed in this study is transversely isotropic with respect to a direction which corresponds, roughly, to the fiber direction near the endocardial surface. Strain in this direction should, therefore, be a measure of the incremental change in endocardial fiber length. For a given intraventricular pressure the model predicts an endocardial fiber elongation at the equator which is a factor of ten less than that at the apex and a factor of twenty less than that at the base.
The relatively large amount of deformation which occurs near the simulated valvular ring in the model is also reflected in the myocardial stress distributions. The model predicts a SURFACE COORDINATE SYSTEM
FIGURE 9
The principal coordinate directions of the transversely isotropic representation of the myocardium in the proposed finite-element model. These coordinate directions coincide with those of the surface coordinate system illustrated at the epicardial surface. and endocardial surface the homogeneous, isotropic model predicts values for circumferential and axial stress which exceed corresponding values predicted by the proposed model by factors of two and three, respective-A more favorable comparison with the state of deformation in the proposed model is obtained if the inner third of the ventricular wall is assumed to be isotropic, but more compliant (E = 30 g/cm 2 , v = 0A5) than the outer two-thirds of the wall. In this case the lumen radii at the equator, with an internal hydrostatic pressure of 12 cm H 2 O, differ by less than 1%. In fact, the dimensions of the entire ventricular wall predicted by either model agree within 1%. However, the heterogeneous isotropic model predicts significantly lower values for circumferential and axial stresses in the inner third of the ventricular wall than does the proposed model.
Appendix DERIVATION OF TRANSFORMATION MATRIX FOR STRESS-STRAIN RELATIONS IN A TRANSVERSELY ISOTROPIC MATERIAL
Datum Coordinate System.-The datum coordinate system implied by the assumption of axisymmetric geometry and deformation is the cylindrical coordinate system shown in Figure 9 . The z-axis coincides with the apex-valve axis. The radial and circumferential coordinates are denoted by r and 9, respectively. Surface Coordinate System.-A second coordinate system is introduced for convenience at this point. This system is denoted by the ordered triple (t, 0, p) also illustrated in Figure 9 . The t-and p-axes lie in a plane which contains the apexvalve axis. The origin of this coordinate system is located on the arc determined by the intersection of this plane with the epicardial surface. The tand p-axes are coincident with lines which are tangent and perpendicular to this arc at a point which is located at distance, I, along the arc from the ventricular apex.
Transformation of the Stress Tensor from Surface Coordinate System to Datum Coordinate
System.-The nonzero components of the stress (and strain) tensor in axisymmetric deformation are shown in Figure 3 . As shown in this figure, there are four such components, namely, radial stress (cr rr ), axial stress (cr«), circumferential stress (cree) and shear stress (r r z ).
The components of the stress tensor in two dif- where, oy,-and <Tu denote stress tensors in the two coordinate systems and ej, i = 1, 2, 3 and e k , k = 1, 2, 3 denote unit vectors coincident with the three coordinate directions in each of the coordinate systems. The notation (•) is used to denote the dot product of two vectors. In this discussion e x = e t , e 2 = e p , e 3 = e e , e x = e r , e 2 = e,, Since the model deforms axisymmetrically under internal hydrostatic pressure, r r e -T z e -Tte = Tpe = 0.
The coefficients of cr kl in Eq. Al are determined by relating the unit vectors from each coordinate system to each other. This is easily done in the following way. The position of the origin of the surface (t, 0, p) coordinate system in Figure 9 in terms of cylindrical coordinates is [r{l), z (/)]. As indicated by this notation the coordinates of a point on the epicardial surface depend parametrically on arc length, I. It then follows that .
The primes denote differentiation with respect to arc length. The desired transformation matrix is obtained by substituting Eq. A2 into Eq. Al. Using the symmetry of the stress tensor, the result of this substitution is: 
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JANZ, GRIMM pressure of 0 cm H 2 O. The appropriate value of / (arc length along the epicardial surface) for each element in this region is determined by numerically constructing a line which passes through the centroid and intersects the epicardial surface perpendicularly. This can be done in a unique way for all elements except those which are near the valvular ring. For these elements the smallest value of arc length which satisfies the above criterion is chosen.
